Abstract. Let V be a smooth projective 3-fold of general type. Denote by K 3 , a rational number, the self-intersection of the canonical sheaf of any minimal model of V . Assume p g (V ) ≥ 2. We show that K 3 ≥ 1 3 , which is a sharp lower bound. Then we classify those V with small K 3 . We also give some new examples with p g = 2 which have maximal canonical stability. For the case p g (V ) ≤ 1, we also give effective lower bound of K 3 .
Introduction
To classify algebraic varieties is one of the main goals of algebraic geometry. For a long time, we have been interested in classifying algebraic 3-folds of general type which are, naturally, quite important objects for birationalists. The book [7] edited by Corti and Reid explains some ways to understand the explicit structure of some algebraic threefolds. But one might have noted that this is a very big topic and that even there is not any answer to lots of very elementary questions. Before stating everything, let me first fix some notations.
Let V be a smooth 3-dimensional projective variety of general type. According to Mori's minimal model program (see for instance [13, 16] ), V has at least one minimal model X which is normal projective with only Q-factorial terminal singularities. Denote by K 3 := K 3 X , which is uniquely determined by the given V and which is a positive rational number. Because K 3 is actually uniquely determined by the birational equivalence class of V (as a direct corollary of the Zariski decomposition, see [13] ), we may view K 3 as a birational invariant of V . Obviously V has some other important birational invariants such as the geometric genus p g (V ) := dim H 0 (V, Ω A difficult thing in studying 3-folds of general type is that K 3 is only a rational number, rather than an integer. Furthermore it may be, in fact, very small. For example, among known ones by Fletcher( [7] ), K 3 could be small like 1 420 . A very natural and interesting question is Question 1.1. What is the sharp lower bound of K 3 among all minimal projective 3-folds of general type?
There is a trend nowadays to study pluricanonical maps in terms of K 3 . From this point of view, the lower bound for K 3 becomes quite important. In this paper, we are only able to answer Question 1.1 under an extra assumption p g ≥ 2. We will see that the value of K 3 strongly affects the canonical stability (see 1.2) of the given 3-fold V . Definition 1.2. The canonical stability of any smooth projective variety Y of general type is defined to be m 0 (Y ) := min{m| Φ m+i is birational onto its image for all integrs i ≥ 0 and m > 0 is an integer }.
Upper bound for m 0 (V )
. Let V be a smooth 3-dimensional projective variety of general type. In [4] , the following was proved:
(1) m 0 (V ) ≤ 5 whenever p g (V ) ≥ 4, which is sharp; (2) m 0 (V ) ≤ 6 whenever p g (V ) = 3, which is sharp; (3) m 0 (V ) ≤ 8 whenever p g (V ) = 2.
Recently I was informed of separately by both Ezio Stagnaro and Christopher Hacon ([10] ) that 1.3(3) is also sharp. In this note, I will present more reasonable examples.
My main result is as follows. , then p g (V ) = 2, m 0 (V ) = 8, V is canonically fibred by surfaces with (c 2 1 , p g ) = (1, 2) , and that the 7-canonical map of V is generically finite of degree 2.
The proof of the main theorem has interesting applications that we are able to classify some classes of 3-folds up to explicit structures. For instance, we have Theorem 1.5. Let V be a smooth 3-dimensional projective variety of general type. The following is true:
and p g (V ) = 2, then V is canonically fibred by surfaces with c 2 1 = 1. In particular, q(V ) = 0 and h
and p g (V ) = 3, then V is canonically fibred by curves of genus 2 over a birationally ruled surface and the 4-canonical map is generically finite of degree 2.
(5) if K 3 < All the above statements have supporting examples. More detailed classification to those V with p g = 2 and 3 is given in section 2 and section 3. The method works effectively for the case p g ≤ 1 for which we have the following Theorem 1.6. Let V be a smooth 3-dimensional projective variety of general type. Take m 1 to be the minimal integer with P m 1 (X) ≥ 2.
.
As an application, we obtain effective results on some 4-folds in the last section. 2. The case p g (V ) = 2 2.1. Notations. Given a smooth projective 3-dimensional variety of general type with p g (V ) ≥ 2, we may always study from a minimal model as explained in the introduction. So we may assume that X is a minimal model of V with at worst Q-factorial terminal singularities. So p g (X) = p g (V ). Take the birational modification π : X ′ → X, according to Hironaka, such that (i) X ′ is smooth; (ii) the movable part of |K X ′ | is base point free.
(iii) π * (K X ) can be written as an effective Q-divisor with normal crossings.
Denote by g the composition 
where M is the movable part of |K X ′ |, Z the fixed part and E an effective Q-divisor which is a Q-sum of distinct exceptional divisors. Throughout we always mean π * (K X ) by K X ′ − E. So, whenever we take the round up of mπ * (K X ), we always have mπ * (K X ) ≤ mK X ′ for all positive number m. We may also write
where E ′ = Z − E is actually an effective Q-divisor. When dim ϕ 1 (X) = 2, we see that a general fiber of f is a smooth projective curve C of genus g ≥ 2. When dim ϕ 1 (X) = 1, we see that a general fiber S of f is a smooth projective surface S of general type. The invariants of S are (c
) where S 0 is the minimal model of S and σ : S −→ S 0 the contraction.
We always mean a generic irreducible element S of |M| by either a general member of |M| whenever dim ϕ 1 (X) ≥ 2 or, otherwise, a general fiber of f .
A known theorem.
In order to frequently apply it, we rephrase a very effective method (Theorem 2.2 in [4] ) on how to estimate certain intersection numbers on X as follows:
Let X be a minimal projective 3-fold of general type with only Q-factorial terminal singularities and assume p g (X) ≥ 2. Keep the same notations as in 2.1. Pick up a generic irreducible element S of |M|. Suppose, on the smooth surface S, there is a movable linear system |G| and denote by C a generic irreducible element of |G|.
Assume (i) there is a positive integer m such that the linear system
separates different generic irreducible elements of |G|;
(ii) there is a rational number β > 0 such that π * (K X )| S − βC is numerically equivalent to an effective Q-divisor;
(iii) either the inequality
)ξ > 1 holds. Then we have the inequality mξ ≥ 2g(C) − 2 + α 0 . Furthermore, ϕ m of X is birational onto its image provided either α > 2 or α 0 = 2 and C is non-hyperelliptic.
As far as the situation is involved, we don't have to verify the condition (i) in this paper since that was already done in [4] .
2.3. Numerical type of a surface of general type. Given a smooth projective surface S of general type, we denote by σ : S −→ S 0 the contraction onto the minimal model. For the need of our proof and according to the standard surface theory (see [1] and [2] ), we classify S into the five numerical classes as follows:
(1) S is of type (1, 1) if K 
Assume b = g(B) = 0. We set p = 1. On the other hand, we set the divisor G on S as follows:
Also set
which is independent of the modification π by the intersection theory. All these settings are to prepare for estimating ξ by means of the technique 2.2.
Next we only have to study the case b = 0.
The type
By the argument at page 527 of [4] , one may find a sequence of rational number β > 0 with β → 1 4 and β < 1 4 such that π * (K X )| S − βG is numerically equivalent to an effective Q-divisor. Thus we have π
We are reduced to estimate the rational number ξ. Let C be a generic irreducible element of |G|. By [6] , |G| is base point free. So C is a smooth curve with deg(K C ) ≥ 12. Note that C must be nonhyperelliptic since m 0 (S) ≤ 3.
2.7. The type (2, 3). Let C be a generic irreducible element of |G|. Then C is a curve of genus 3 and
. The argument at page 527 of [4] shows that one may take a rational number β → 1 2 such that π
2.8. The type (1, 1) . In this situation, we have to study in an alternative way. We have an induced fibration f :
This means P 2 (X) ≥ 4. Let M 2 be the movable part of |2K X ′ |. We consider the natural restriction map γ:
where V 2 is the image of γ as a C-subspace of
Since Λ 2 is a sub-system of |2K S |, we see that the restriction of φ 2,X ′ to S is exactly the bicanonical map of S. Because φ 2,S is a generically finite morphism of degree 4, φ 2,X ′ is also a generically finite map of degree 4. Let S 2 ∈ |M 2 | be a general member. We can further remodify π such that |M 2 | is base point free too. Then S 2 is a smooth projective irreducible surface of general type. On the surface S 2 , denote L 2 := S 2 | S 2 . L 2 is a nef and big divisor. We have
We consider the natural map
where V 2 is the image of γ ′ . Denote by Λ 2 the linear system corresponding to V 2 . Because ϕ 2 is generically finite map of degree 4, we see that |L 2 | has a sub-system Λ 2 which gives a generically finite map of degree 4. By direct calculation on the surface S 2 , we have
In this case, dim ϕ 2 (S) = 1 and dim ϕ 2 (X) = 2. We may further remodify π such that |M 2 | is base point free. Taking the Stein factorization of Φ 2K X ′ , we get a induced fibration f 2 : X ′ −→ B 2 where B 2 is a surface. Let C be a general fiber of f 2 . We see that S is naturally fibred by curves with the same numerical type as C. On the surface S, we have a free pencil
, we see that |C 0 | is a rational pencil. So a general member of |C 0 | is an irreducible curve with the same numerical type with C.
Claim 2.9. Let S be a surface of type (1,1). Suppose that there is an effective irreducible curve
Proof. We may assume that |C| is a free pencil. Otherwise, we blowup S at base points of |C|. Denote
According to Claim 2.9, we have (
The argument at page 527 of [4] shows that there is a rational num-
Now we study on the surface S 2 . We may write
where the C ′ i s are fibers of f 2 and a 2 ≥ P 2 (X) − 2 ≥ 2. Noting that 2π
So we still have
In this case, dim ϕ 2 (X) = 1. Because p g (X) > 0, we see that both ϕ 2 and ϕ 1 induce the same fibration f : X ′ −→ B after taking the Stein factorization of them. So we may write
where the S
. Now we may apply 2.2 to estimate π
. The proof at page 527 of [4] allows to take β 2 → . Note that a generic irreducible element C ∈ |G| on S is a nonhyperelliptic curve and deg(K C ) = 6. Take m 1 = 7. Then 2.2 gives
. Take m 2 = 8. Then we have ξ ≥ . We may check that this is the best bound we could get from this technique. Thus we have π
and so
In a word, we have K . One may check that this is the best we could get. Thus we have K
We go on studying this case from the point of view of the canonical stability. . So we get K . This means that m 0 (V ) = 8 implies ξ = . To the contrary, assume ξ = , we want to show that m 0 (V ) = 8 and that the 7-canonical map is generically finite of degree 2.
We consider the sub-system
This system obviously separates different generic irreducible elements of |M|. By the Tankeev principle for birationality, it is sufficient to prove that |7K X ′ || S gives a birational map. Noting that 5π * (K X ) is nef and big, the Kawamata-Viehweg vanishing theorem ( see [8, 11, 19] ) gives the surjective map
We are reduced to prove that |K S + 5π * (K X ) | S | gives a birational map. We still apply the Tankeev principle. Because
the linear system |K S + 5π
By the vanishing theorem, we have the surjective map
where D := 5π , then deg(D) ≥ 2. This means |K C + D| is base point free. Noting that C is a curve of genus 2, |K C + D| gives a finite map of degree ≤2. Thus ϕ 7 must be a generically finite map if it is not birational. Now we show that the 7-canonical map is not birational. Denote by M 7 the movable part of |7K X ′ | and by M ′ 7 the movable part of
Because 7π
On the other hand, we have M
where P is a point of C such that O C (2P ) ∼ = ω C . We see that K C +D ∼ 4P . So |K C + D| must give a finite map of degree 2. So is ϕ 7 .
Corollary 2.12.
, then V is of type (1, 2) and m 0 (V ) = 8.
Proof. This is clear by virtue of 2.5, 2.6, 2.7, 2.8, 2.10 and 2.11.
, then V is canonically fibred by surfaces of type (1, 1) or (1, 2) . In particular, q(V ) = 0 and
Proof. This is clear by virtue of 2.5, 2.6, 2.7, 2.8 and 2.10. Note that q(S) = 0 if S is either of type (1, 2) or of type (1, 1). So q(V ) = 0.
If S is of type (1, 1), then f * ω X ′ is a line bundle of positive degree because |K X ′ | is a pencil and p g (X) > 1. So one has
If S is of type (1, 2), According to the argument at page 524 of [4] , we have h 2 (O V ) ≤ 1. We are done.
There is an example which shows that our estimation is sharp.
Example 2.14. In [7] , Fletcher first found the canonical 3-fold as a hypersurface X 16 ⊂ P(1, 1, 2, 3, 8) which has 3 terminal singularities of type 2 × 1 2
(1, −1, 1). One has
and p g = 2. According to our argument above, this 3-fold must have the canonical stability 8, ξ = 2 3 and the 7-canonical map must be a generically finite map of degree 2. And it is canonically fibred by surfaces of type (1, 2). and p g = 2. For example, there might be deformations of the 3-fold in the last example.
On the other hand, we have not found any examples with
. That would be also very interesting.
3. The case p g (V ) ≥ 3 and the proof of Theorem 1.4
Assume from now on that p g (V ) ≥ 3. Set d := dim ϕ 1 (X).
3.1. The case d = 3. In this case, p g (X) ≥ 4. It is obvious that K 3 ≥ 2. In fact, one has a general inequality K 3 ≥ 2p g (X) − 6 which may be obtained by induction on the dimension (see [14] ). Anyway that is another kind of question.
The case d = 2.
We have an induced fibration f : X ′ −→ B. The general fibre C is a smooth curve of genus ≥ 2. We have π * (K X ) = S + E ′ and then
where a 2 ≥ p g (X) − 2 and that the equality holds if and only |S| S | is a rational pencil. Thus
Set p = 1 and β = a 2 ≥ 1. Set G := C. We hope to run 2.2. In the proof of Case 2 of Theorem 3.1 in [4] , we have shown ξ ≥ for all k > 8. Taking limits, one gets ξ ≥ 1.
So when p g (X) = 3, we have K
Whenever the equalities hold above, one must have ξ = 1 that C must be a curve of genus 2, that |S| S | must be a rational pencil and so that B is a birational ruled surface. In fact, if g(C) ≥ 3 and take m = 6, the technique 2.2 gives ξ > 1.
3.3. The case d = 1 and b > 0. In this case, one has π
. One apparently has K 3 X ≥ 3. We are done. such that
, one may take a rational number β → 3 4 such that
Proof.
(1) Because |K X | is composed with a rational pencil and P g (X) = 3, one has
Thus we have
X ′ /B is generated by global sections (see [9, 12, 15, 17, 20] ) and so that any local section can be extended to a global one. On the other hand, |4σ * (K S 0 )| is base point free and is exactly the movable part of |4K S |. Applying Lemma 2.7 of [5] , one has 8π
This means that there is an effective
is an effective Q-divisor. Set a 0 := 8 and b 0 := 4. Assume we have defined a n and b n . We describe a n+1 and b n+1 inductively such that β ≥ b n+1 a n+1
. One may assume from the beginning that a n π * (K X ) supports on a divisor with normal crossings. Then the Kawamata-Viehweg vanishing theorem implies the surjective map
That means
Denote by M ′ an+1 the movable part of |(a n + 1)K X ′ + S|. Applying Lemma 2.7 of [5] again, one has
Re-modifying our original π such that |M ′ an+1 | is base point free. In particular, M ′ an+1 is nef. According to 1.3, |pK X | gives a birational map whenever p ≥ 6. Thus M ′ an+1 is big. Now the Kawamata-Viehweg vanishing theorem gives
Noting that
+ S| ⊂ |(a n + 3)K X ′ | and applying Lemma 2.7 of [5] again, one has (a n + 3)π
Set a n+1 := a n + 3 and b n+1 = b n + 2. We have actually seen
A direct calculation gives a n = 3n + 8 b n = 2n + 4. Take the limit letting n → +∞, one has β ≥ . One may assume from the beginning that a n π * (K X ) supports on a divisor with normal crossings. Then the Kawamata-Viehweg vanishing theorem implies the surjective map
For the same reason, we may assume |M ′ an+2 | to be base point free. Similarly, applying the vanishing theorem once more, we have
+ S| ⊂ |(a n + 4)K X ′ | and applying Lemma 2.7 of [5] again, one has (a n + 4)π
Set a n+1 := a n + 4 and b n+1 = b n + 3. We have actually seen
A direct calculation gives a n = 4n + a 0 b n = 3n + b 0 .
Take the limit letting n → +∞, one has β ≥ .
The type
The main point is to estimate π * (K X ) 2 ·S. In 2.6, we have got ξ = π * (K X )·G ≥ 2 where we set G = 2σ * (K S 0 ). We may set p = 2. By 3.4, one may find a rational numberβ → such that π * (K X )| S −βG is pseudoeffective. Thus we have
if p g (X) = 3 and K 3 ≥ .
3.6. The type (2, 3). Let C be a generic irreducible element of |G|. Then C is a curve of genus 3. 2.7 has given ξ ≥ 1. On the other hand, 3.4 tells that one may take a rational number β → . It seems that this is the best one can get under the condition p g (X) = 3. Thus K 3 ≥ 2βξ ≥ 2. Whenever p g (X) ≥ 4, one has K 3 ≥ 3. There might be better bound.
3.7. The type (1, 2) . This is a continuation of 2.10 under the assumption p g (X) ≥ 3. We have got ξ ≥ 2 3 . Recall that G is the movable part of |σ * (K S 0 )|. Set p = 2 and β near . Take m = 6. Then it gives ξ ≥ 5 6 . An induction step gives ξ ≥ 1.
3.8. The type (1, 1). Comparing with 2.8, we have better situation because p g (X) ≥ 3. We keep the same notations and pace as in 2.8.
We still consider the natural restriction map γ:
All those arguments may be copies from Case 1 of 2.8. We only write down the estimation. We have
By direct calculation on the surface S 2 , we have
We may copy the proof in Case 2 of 2.8. In this case, ϕ 2 induces a fibration f 2 : X ′ −→ B 2 with general fibre a smooth curve C. Lemma 3.4 allows us to choose a rational number β → such that π
Recall the S 2 is a general member of the movable part of |2K X ′ |. We may write
where the C ′ i s are fibers of f 2 and a 2 ≥ P 2 (X) − 2. Noting that 2π
Case 3. dim C V 2 = 1. Similar to that in Case 3 of 2.8, we have 2π
according to Lemma 3.4. Now we have to estimate π
. Let C be a generic irreducible element of |G|. Then C is non-hyperelliptic and deg(K C ) = 6. Take m 1 = 6. Then α = (m 1 − 1 − . This might be the best. We have
. We are done.
Corollary 3.9. Let V be a smooth projective 3-fold of general type.
Proof. This is clear by 3.1, 3.2, 3.3, 3.5, 3.6, 3.7 and 3.8.
Proof of Theorem 1.4.
Proof. 2.5, 2.6, 2.7, 2.8, 2.10, Corollary 3.9 and Example 2.14 imply Theorem 1.4(1). Corollary 2.12 and Corollary 3.9 imply Theorem 1.4(2).
3.11. Proof of Theorem 1.5.
Proof. Corollary 3.9 gives the inequalities in (1) and (2). Examples 3.12, 3.13 shows that both the lower bounds are sharp. Theorem 1.5 (3) is due to Corollary 2.13. Theorem 1.5 (4) and (5) are due to 3.1 through 3.8.
Example 3.12. Fletcher has an example in [7] with K 3 = 1 and p g (X) = 3. It is a canonical 3-fold with terminal singularities: X 12 ⊂ P (1, 1, 1, 2, 6 ). This 3-fold has K 3 = 1, p g = 3 and 2 singularities of type 1 2 (1, −1, 1). One may see that this X is canonically fibred by curves of genus 2 and m 0 (X) = 6. The 5-canonical map is generically finite of degree 2.
Example 3.13. There are at least two examples of a 3-fold of general type with K 3 = 2 and p g = 4.
(1) Take a double cover over P 4 with branch locus a smooth hypersurface of degree 12. Then one gets a smooth canonical 3-fold with K 3 = 2 and p g = 4 and the canonical map is finite of degree 2 and m 0 (X) = 5.
(2) M. Kobayashi ([14] ) has an example X which has K 3 = 2 and p g = 4 which is smooth with K X ample and X is canonically fibred by curves of genus 2. In fact, it was constructed by a double covering over a ruled surface.
4.
Effective lower bounds for the case p g ≤ 1
From now on, we assume X to be a minimal 3-fold of general type with p g ≤ 1 and with QFT-singularities. 
4.2.
Considering the linear system |m 1 K X |, pick up a pencil (as a subsystem) Λ such that dim Λ = 1. Take birational modifications like in 2.1 such that the movable part of π * (Λ) is base point free. Keep the same notations as in 2.1, we get an induced fibration f : X ′ −→ B where B is a smooth curve. Let S be a general fibre of f . Denote by |M m 1 | the movable part of π * (Λ). Then we may of course write
where we should note that Q m 1 is an effective Q-divisor and that Q m 1 may contain movable divisors, unlike in 2.1. But this does not affect our estimating, because we aim to get an effective lower bound for K 3 under a general setting.
4.3. The case b > 0. This is an easy case because one has π
We first build an effective version parallel to 2.2 in order to estimate certain intersection numbers on a general minimal 3-fold of general type.
Whenever deg(D) ≥ 2, |K C + D| is basepoint free. Denote by |M m | the movable part of |mK X ′ | and by |N m | the movable part of
We are done. such that π X ′ /B is generated by global sections and so that any local section can be extended to a global one. On the other hand, |b 0 σ * (K S 0 )| is base point free and is exactly the movable part of |b 0 K S |. Applying Lemma 2.7 of [5] , one has
This means that there is an effective
is an effective Q-divisor. Assume we have defined a n and b n . We describe a n+1 and b n+1 inductively such thatβ ≥ b n+1 a n+1
Noting that |K X ′ + a n π * (K X ) + S| ⊂ |(a n + m 1 + 1)K X ′ | and applying Lemma 2.7 of [5] , one has (a n + m 1 + 1)π * (K X )| S ≥ (b n + 1)σ * (K S 0 ).
Set a n+1 := a n + m 1 + 1 and b n+1 = b n + 1. We have actually seen β ≥ b n+1 a n+1 .
Take the limit letting n → +∞, one has β ≥ 1)(5m 1 + 6) .
Proof. We may assume, in the setting 4.2, b = 0 according to 4.3. Because S ≤ m 1 π * (K X ), we may take p = 1. Now pick up a general fibre S of f . On the surface S, take G = nσ * (K S 0 ). According to the base point freeness of |G| for some n, a general member C ∈ |G| is a smooth curve with deg(K C ) ≥ n(n + 1)K
. By Lemma 4.5, we may take a rational number β → 1 nm 1 +n such that π * (K X )| S − βC is pseudo effective. Set ξ := π * (K X ) · C. We have initially + n (n + 1)(m 1 + 1) + 1 .
So we get
· n(n + 1)K . But we should say that, if the equality holds, then P m 1 = 2 and |m 1 K X | is composed of a rational pencil of surfaces of type (1, 0) . This is of course clear from our proof. One might hope to know whether there are parallel results to [4] in 4-dimensional case. This is still open because of a pathological case. For example, take Y to be a product X × C where X is a minimal 3-fold of general type with p g (X) = 1 and C a smooth curve of genus g ≥ 2. One would see that one knows nothing to Y since little is known to X. So, here, we omit this case.
Proof of Theorem 1.7.
Proof. We consider the natural map
where V is the image of θ. If dim Φ K Y (Y ) ≥ 2, then dim C (V ) ≥ 2 and so p g (X) ≥ 2. If |K Y | is composed with a pencil of 3-folds X, by assumption of Theorem 1.7, we still have p g (X) ≥ 2. Therefore we have m 0 (X) ≤ 8 according to [4] .
(1) Set g := Φ Λ • π. Then g : Y ′ −→ P 1 is a surjective morphism. One sees that a general fiber of g is a smooth projective 3-dimensional scheme with each component a 3-fold of general type. We
